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1. Introduction. Statement of the problem

It is known that numerical integration formulas or quadrature formulas are methods for the approximate evaluation of
definite integrals. They are needed for the computation of those integrals for which either the antiderivative of the integrand
cannot be expressed in terms of elementary functions or for which the integrand is available only at discrete points, for
example from experimental data. In addition and even more important, quadrature formulas provide a basic and important
tool for the numerical solution of differential and integral equations.

There are various methods in the theory of quadrature, which allow us to approximately calculate integrals with the help
of a finite number of values of the integrand. The present paper is also devoted to one of the methods, i.e. to the construction
of optimal quadrature formulas for approximate evaluation of definite integrals in the space L;m) (0, 1), equipped with the
norm

1 1/2
@l m g 4, = { /0 (™ <x))2dx} :
Consider a quadrature formula
1 N
/O P(x)dx = ﬁz;cﬂw(xﬁ) (1.1)

with the error functional

N
000 = e0.(X) — Y Cpd(x — xp) (1.2)
p=0
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in the Sobolev space Lgm) (0, 1). Here Cg and xg are the coefficients and the nodes of the quadrature formula (1.1), respectively,
8(x) is the Dirac delta function, €[, 1;(x) is the indicator of the interval [0, 1].

In order that the error functional (1.2) is defined on the space Lgm) (0, 1) itis necessary to impose the following conditions
(see[1])
€®),x*)=0, «=0,1,2,...,m—1. (1.3)
The difference

1 N 0
(€00, 00 = [ o= Gt = [ ewpms (1.4
) 00

0

is called the error of the quadrature formula (1.1).
By the Cauchy-Schwarz inequality

[(€®), 9] < le@ILS™ O, DI - [£X)ILy™ (0, |
the error (1.4) of the formula (1.1) is estimated by the norm

= sup |(L(X), o))

Jecog
Joco” =1

of the error functional (1.2). Here Lém)*(o, 1) is the conjugate space to the space Lgm) (0, 1). Consequently, estimation of the

error (1.4) of the quadrature formula (1.1) on functions of the space Lg") (0, 1) is reduced to finding the norm of the error

functional £(x) in the conjugate space Lgm)*(o, 1).

Clearly, that norm of the error functional £(x) depends on the coefficients Cg and the nodes xg. The problem of finding
the minimum of the norm of the error functional £(x) by coefficients Cg and nodes xg, is called the Nikolskii problem, and the
obtained formula is called optimal quadrature formula in the sense of Nikolskii. This problem was first considered in [2]. This
problem was further investigated by many authors for various cases (see e.g. [3-8] and the references therein). Minimization
of the norm of the error functional £(x) by coefficients Cg when the nodes are fixed is called Sard’s problem. And the obtained
formula is called optimal quadrature formula in the sense of Sard. This problem was first investigated in [9].

There are several methods for the construction of optimal quadrature formulas in the sense of Sard such as the spline
method, the ¢-function method (see e.g. [10,3]) and Sobolev’s method. Note that the Sobolev method is based on the
construction of a discrete analogue of a linear differential operator (see e.g. [11]). In the different spaces, based on these
methods, the Sard problem was investigated by many authors (see, for example, [13,3,5,14-24,10,25,26,11,1,27-29] and
the references therein).

Furthermore, explicit formulas for coefficients of optimal quadrature formulas for any m and for any number N + 1 of
the nodes xz in the space L;m) when the nodes are equally spaced were obtained in the works [17,21,23,29].

Schoenberg and Silliman [26] investigated the Sard problem for the case N — o¢ in the space L;m). In [26] an algorithm
for finding the optimal coefficients was given with the help of a spline of degree 2m — 1. In the casesm = 2, 3, ..., 7 the
coefficients are calculated using a Computer. It was especially noted that among optimal coefficients the negative coefficient
Bf:) appears when m = 7. It appears that by increasing m the number of negative coefficients increases. This is confirmed
by computations of the optimal coefficients for m < 30 in [28].

It is known that the optimal quadrature formulas with positive coefficients play a very important role in applications.

There is a question: can we obtain in some way the optimal quadrature formulas with positive coefficients in the Sobolev
space Lgm) 0, 1)?

The main objective of the present paper is to construct optimal quadrature formulas in the sense of Sard in the space
LY (0, 1) with the nodes

x; = nih, xy_i=1—nh, i=0,t—1,0<m<n <---<n-1<t, teN,
m
) 5 when m is even, (1.5)
xg=hB, t<B<N-t, h=ﬁ, t=1rm .
[5] +1 whenmisodd,

using the Sobolev method and numerically choosing the parameters n;,i = 0,t — 1 to obtain the optimal quadrature
formulas of the form (1.1) with positive coefficients. Here [a] is the integer part of the number a. This means to find the
coefficients Cg which satisfy the following equality

HZ Gl (1.6)

= inf He(x)u;"’)*
Cp

for the nodes (1.5).
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Thus, in order to construct of optimal quadrature formula in the sense of Sard with the nodes (1.5) in the space Lgm) 0,1)
we need consequently to solve the following problems.

Problem 1. Find the norm of the error functional £(x) of quadrature formulas (1.1) in the space Lgm)*(O, 1).

Problem 2. Find the coefficients Cg which satisfy equality (1.6) with the nodes (1.5).
It is known [11,1,27] that square of the norm of the error functional (1.2) for arbitrary fixed x4 has the following form

m)x 2 m m+(] —X )2111 1
[ecors™ . n|" = -1 (ZZC,:; L (Zm Z ’ 2.(2m)!ﬁ + (2m+1)!>. (1.7)

=0 y=0
Obviously, that square of the norm (1.7) of the error functional E(x) is a multidimensional function with respect to the
coefficients Cg. Moreover, the error functional £(x) satisfies the conditions (1.3). In [1,27] taking these facts into account the
Lagrange function with conditions (1.3) is constructed for finding the conditional minimum of (1.7) and differentiating the
Lagrange function by Cg and A, (where A, are Lagrange factors) the system of linear equations

N 1 m—1 2m _ 2m
|xg —xy| m= X + (1 —xp)

+ AgXy = ————— , xp € [0, 1], 1.8
gyz em — Z X =TT 2 om)! p €10.1] (18)
N
Zcﬁ:L «=0m—1 (1.9)

YT a1 ’ :

was obtained.
It was proved in [1,27] that this system has a unique solution and this solution gives a minimum to the expression (1.7).
This means that the square of the norm of the error functional £(x) being a quadratic function of the coefficients Cg has a

unique minimum in the concrete value of Cg = 8/3. The quadrature formula with the coefficients Eﬁ, when the nodes are
fixed, is called optimal quadrature formula in the sense of Sard and the coefficients Cg are called optimal.

Below for convenience the optimal coefficients C remain as Cg.

Thus, Problem 1 is already solved by Sobolev in the space Lgm) and Problem 2 is reduced to the system of linear equations
for optimal coefficients. It should be noted that in [1,27] Problem 1 is solved for the multidimensional case, i.e. for cubature
formulas.

In the present paper we will solve system (1.8), (1.9), i.e. we will find explicit forms of the optimal coefficients Cg and
will calculate the norm of the optimal error functional £(x) of formula (1.1) with the nodes (1.5) for any natural numbers m
and N, N > m.

2. Definitions and known formulas

In this section we give some definitions and formulas which are necessary in the proof of the main results.
The Euler-Frobenius polynomials E;(x), k = 1, 2, ... are defined by the following formula (see, e.g. [11,12])

Eu(®) (1 — x)kt2 d\* X 2.1)
)= ——(x— ) ———, .
k X dx ) (1—x)2
E()(X) =1
For the Euler-Frobenius polynomials the identity
K 1
Ex(x) = X"Ey <) (2.2)

holds and also the following theorem is true.
Theorem 2.1 (Lemma 3 of [22]). The polynomial P (x) which is determined by the formula

k+1 0k+]

Pk(x) 1)k+l Z 1)1

(2.3)

is the Euler-Frobenius polynomial (2.1) of degree k, i.e. P(x) = Ei(x), where A'0* = Y"I_ (—1)"'C!I%.
The following formula is valid [30]:

n—1 1 k q n k i )
quy"= fz<1 — ) A'0* — Z(l—q) Ay, (2.4)

qu

where A’y" is the finite difference of order i of y*.
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Lastly we give the following well-known formulas from [31]

B-1 k+1

k! Bi+1—j ;
e k1 25
2 Zj!(l<+1—j)!’3’ (23)

y=0 j=1

where By 1_; are Bernoulli numbers,

v
A%XY = V) A%ppxiP. 26
>(5) @)

p=0

3. Auxiliary results

3.1. Lemmas
In the proofs of the main results we need the following lemmas.

Lemma 3.1. The optimal coefficients of quadrature formulas of the form (1.1) with the error functional (1.2) and the nodes (1.5) in
the space L;m) (0, 1) have the following representation

m—1
Cs :h<1+de (qf +q§f‘ﬂ)> (3.1)
k=1

when  =t,t +1,..., N — t. Here di are unknown parameters, q; are roots of the Euler-Frobenius polynomial E,,,_,(q) and
lqx| < 1.

Lemma 3.2. The identity

o _qzl—s-H + (_1)iqls<+i 0" — (_1)* o qi-H 4 (_1)i+1qII:l—s+i
i+1 A =1 Z i+1
i=1 (Qk - 1) i=1 (Qk - 1)

holds, wherea = 1,2,...,m—1, s=0, 1, ..., qx are roots of the Euler-Frobenius polynomial E,,;,_,(q).

AQ” (3.2)

Lemma 3.3. The coefficients of optimal quadrature formulas of the form (1.1) with the error functional (1.2) and the nodes (1.5) in
the space Lg") (0, 1) satisfy the system

-1 t—1 or M=l o (_1)iq;+i . qgfwl .
o o s k ira

p=0 p=1 k=1 i=0

h _ ]0,2,4,...,m—2whenm — even, 0% = 1, a=0,

erea = 0,2,4,...,m— 1whenm — odd, — 10, «a#0,

m .
0 when m is even, ) )

t = m where [a] is the integer part of the number a, d, are unknown parameters, qy are roots of the
[5] +1 whenmisodd,

Euler-Frobenius polynomial Exm—2(q), |qx] < 1.

Lemma 3.4. Let m > nand m, n € N then the following formula for binomial coefficients is true
Gl = G 2G4+ (=)™ 4+ (=D)L = G (3.4)

Lemma 3.5 ([1]). The identity
Ly
k ink
= —A0 35
y ;:1 7 (35)
is true, where i = y(y — 1)(y = 2) - -- (y — k + 1), Alo¥ = 3}_, (= D)7IClIk,

3.2, Proofs of lemmas

The proof of Lemma 3.1 is obtained similarly as the proof of Theorem 3 of the work [22] for 8 = ¢, N —t.
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Proof of Lemma 3.2. Denote the left and the right hand sides of the identity (3.2) by A; and A,, respectively, i.e.

N—s+1 i s+i o s+1 ,+1 N —s+i

—4y + (_1) qy ino a + ( 1) ino
A - A0%, A = (-1 A0%.
E)3 (@ — D! p= DY (@ — 1)1+1

i=1 i=1

Then, using Theorem 2.1 and the identity (2.2), for A; we obtain

qﬁl —s+1 4 (-DQQT—]
(@ — D!

For A, also, using Theorem 2.1 and the identity (2.2), we have

_q;;l —s+1 4 (-DQQ?H
(@ — D!

From equalities (3.6) and (3.7) we obtain the statement of Lemma 3.2.
Lemma 3.2 is proved. O

A =

Ey—1(q)- (3.6)

Ay =

Ey—1(q)- (3.7)

Proof of Lemma 3.3. Here we use Lemma 3.1 and equality (1.9). The optimal coefficients Cg and the nodes xg have to satisfy
equality (1.9), i.e.

N

1
DGy =—— @=0,12...m-1 (3.8)
rd o+ 1

From symmetry of the nodes (1.5) it follows that
Cg = Cn—p. (3.9)

Here we consider the case @ = 0 separately.
Suppose « = 0 then from (3.8) we have

N
Yo g=1. (3.10)
B=0

Taking into account (3.9) and using Lemma 3.1 for the left side of (3.10) we get
Zcﬂ = 22@ +Zh (1 —I—de(qk +qp ﬁ))
q _qN —t+1
=2 Gg—hl2t—1=-) g *—* ) +1.
Z s Z —a

Hence, consndermg (3.10), we obtain

t—1 N—t+1
2t — qk_qk
§jcﬂ—h( § o). (3.11)

This is the first equation of system (3.3) corresponding to the case « = 0. Thus we have proved the lemma for the case
o =0.

Suppose @ = 1,2, ..., m — 1. Then, using the symmetry of the nodes (1.5) and keeping in mind equality (3.9), for the
left side of (3.8) we obtain

N t—1 N—t
ZCﬁX% = ZC’S (X‘é —I— (1 — Xﬁ)a) + ZCISX% = y1 —|— Yz,
B=0 B=0 B=t

where

t—1

N—t
Yi=) G+ (1-x)%), Yo= ﬂZcﬁx;.
=t

B=0
Substituting the expression (3.1) of the optimal coefficients Cg into Y,, adding and subtracting the expressions

t—1 m—1
Y h (1 + 3 di(af + ﬂ)) (hB)"
k=1

p=1
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and
N-1 m—1
h (1 + > di(af +a ﬁ)) (hB)",
B=N—t+1 k=1
we have

N—1 m—1 N—1 N—1
Y, = bt (Zﬂ“ +Y de (quﬂ“ +quﬁﬁ°‘)>
p=1 k=1 B=1 B=1
—hZ((hﬂ) +(1—hﬁ>)<1+zdk(qk+q 5))

B=

Using equalities (2.4)-(2.6) and the binomial formula, then grouping in powers of h and taking into account Lemma 3.2, for
Y, we have

A4+ (= Digy

= {Zd Z_(IIE]_T Zﬂ" <1+de (af +ai” ’3))} (14 (=%
i=1
a—1 i N+i o 4 t—1 ' m—1
i 211 ?oz Y [ - Z Z q;(<1 —+q/()'+11) Y +(—1)]“;ﬂl (1 +;dk (qk +q” 5)>:|
= = =
—h<2t2_l_miqut T [+]>+ !

— 1—qp Ol+‘1.

=

Now we consider Y;. When 8 = 0, t — 1 then from (1.5) the nodes xg = ngh and applying the binomial formula, after that
grouping in powers of h, for Y; we have

-1 ) = a!(=nshy
Y, = Zcﬂ(x,g +(1—xp)%) = Zfﬁ (ngh) +Z

o = P!
a—1 O['hhq t—1 )
—h"‘“Zh o (1+ (— 1)“)+Z Y Sy h'Ca(—np.
Hence using (3.11) we obtain

t—1

Yi =R T (1 + (—1)%)
B=0

j=1 k=1 1- k

Now, adding Y;, Y, and substituting the result to the left side of equality (3.8), we obtain
N-+i i t—1 m—1 t—1
—q, "+ (—D'qr ; N—B _
het1 dy L S - “11 d ( ) h1cen% | (1 -1
{Z LT (1= g ;ﬁ +,;k et +; o | (1D

el gl » L+ (=g,
> — § § AlY/
+j AC —])'|:J+1 (1—g™!

t—1
+ (=1 Zﬁf (1 + de (qk +a ﬁ)) - Zh_lcﬂ(_nﬁ)j:| =0.
p=0

It is clear that the left side of (3.12) is the polynomial of degree o + 1 with respect to h. Since this polynomial is equal to
zero then all coefficients of the polynomial are zero.

When « is odd from (3.12) we get the system of equations

N+i o ) t—1 )
Z {Z qkl _+q(),+11)qkm+(—1)1“2ﬂf(qk+q§f ’3)}

= B=1

a—1 i1 -1 N—t+1
gl ; -1 g, —qi "t
S S (25 Sas e

(3.12)



1120 K.M. Shadimetov, A.R. Hayotov / Journal of Computational and Applied Mathematics 235 (2011) 1114-1128

B’“ (1>JZ(cﬁ - f) =0, =121,

which is a part of system (4.22), because 1 <a <m — 1.
When « is even from (3.12) we get the following system of equations

j N+ o yio =
Z 2 {Z q’c1 —+q/i)f+1f1) A0+ (-1 Zﬂj (q£ + qu_ﬁ>]

+ fl+( 1)]2(@; - f) =0, =12 a1,

which is a part of system (4.22) and one new equation

Zd [ZW Zﬂ“(qﬁq? B):|+Z(Cﬂh ") =0

for each even «. From the last equality and (3.11) for the optimal coefficients Cg, 8 = 0,...,t — 1 we get the system of
equations

t—1 N—t+1
2t — qk —
E Cﬁ =h < E 1—a s (3.13)

$=0

t—1 t—1 m—1 a
Zcﬂﬁ:h[zﬂ“—zdk (Z(I_Jrq();)qk Zﬂ (af +a “))} (3.14)
p=1 k=1 k

$=0 i=1

— 2whenm — even,

where o = {2 4,. —]whenm— odd.

Thus for the solvability of system (3.13) and (3.14) (with respect to Cg, B = 0, t — 1) t has to be equal to % when m is
evenand [ %] 4 1 when m is odd.

Now, let Y3 = Z; 11 B« (qk + q ﬂ) Then, using formula (2.4) and Lemma 3.2 considering that « is an even natural
number, we have

o N+i i [ t+i N—t+1
N 0 T ED g, (=D'q — iva
i—

Substituting equality (3.15) into (3.14) and taking into account (3.13) we get the assertion of Lemma 3.3.
Lemma 3.3 is proved. O

Proof of Lemma 3.4. Using the formula of the binomial coefficients we get
m! I

- (m-—D'k!- (I—k)!
m! (m —k)!

clch =

= ckclk (3.16)
K-m—kl (=R (m—k)— (k) ™"

Applying equality (3.16) to the left side of (3.4) we obtain

Cm 1Cr¢1 . Cm 2Cn 2+ +( 1)m n— 2Cn+1 n+]+( 1)m n— ]CnC:
= ChCaTrT — CaCT ()G,

=G (G —Gn T DTG
=G (G — (Gon — G T+ (CDTGL)
=G (G- =" =,

Lemma 3.4 is proved. O

The identity (3.5) is well-known (see, for example, [1]). Here the proof of Lemma 3.5 is omitted.
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4. The main results
4.1. Coefficients of optimal quadrature formulas
For the coefficients of optimal quadrature formulas of the form (1.1) the following theorem holds.

Theorem 4.1. The coefficients of optimal quadrature formulas of the form (1.1) with the error functional (1.2) and the
nodes (1.5) in the Sobolev space Lgm) (0, 1) are expressed by the formula

m—1
Cﬂ=h<1+2dk(qf+qfﬁ)>, t<B<N-t (4.1)
k=1

where dy, (k = 1, m — 1) satisfy the system of m — 1 linear equations:

m—1 j r+1 N—t+i i+1 t—1
+ (—1iqy i P =By 1 P
d AV = ——— — Cgh™'(t — ngY, =1,2,3,...,m—1, (4.2)
Lar P
here the coefficients Cs = Cy—g (8 = 0, 1,...,t — 1) are determined from system (3.3), qx are roots of the Euler-Frobenius

polynomial Exm—>(q), |qi| < 1.

Proof. Let us give the main stages of the proof.
As said before optimal coefficients Cg (8 = 0, N) are solutions of system (1.8), (1.9). In Lemma 3.1 we have obtained the

representation of optimal coefficients Cg for 8 = t, N — t. In the proof of Lemma 3.3, using the result of Lemma 3.1, we
have obtained system (3.3) for optimal coefficients C4 (8 = 0, t — 1). Therefore, we conclude that in order to solve system
(1.8), (1.9) it is sufficient to find the unknown parameters d; and unknown polynomial Py (xg) = km_1] A x% For this

in (1.8) substituting the expression (3.1) instead of Cg, 8 = t, t, N — t we will get polynomials of degree 2m with respect to
Xg on both sides of (1.8). Equating coefficients of same powers of xg we will get the system of m — 1 linear equations for
unknowns di and we will find the coefficients of the unknown polynomial P, (xg). Thus the proof of the theorem will be
completed.

Further we give detailed explanation of the proof of the theorem.

Now we consider equality (1.8)

N 2m—1 Zm _ 2m
lxg — x| xg" + (1 —Xxp)
C,——— +P, X ————— as xg € [0,1]. 43
y§=0:V2-<2 oy Pt = S o s €10,1] (43)
We denote
N 2m—1
|Xﬂ_xy|
Xg) = G—, 4.4
8&p) Zy:o "2 @m— 1) 44
X2m+(1 —x )Zm
_ 7B A
fxp) = 2 am)! . (4.5)

Consider the function g(xg) and suppose t < 8 < N — t. Then

g(xp) = Zc (X"’ _Xy)zm : +Z y(x’zz_mxi - i}cym. (46)
Further we denote

Vr(xg) = Z ¢, M) f(‘z;"y)zm iy 4.7)

Ya(xg) = Z y B_X_V)j;n, iy (4.8)

V3(xp) = Z ¢, X =X —x)" (4.9)

22m —1)!
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In equality (4.8), using (3.1), adding and subtracting the following expression

(2m (Z B - y)Zm T+ de <Z ql;: B - )/)Zm 1y Zq -y B — J/)Zml>> ,

we get
h B m—1 B 8
Yo(xg) = |:Z B —y)™ 14 de ( ql (B — )"+ qu (B — y)Zm—1>:|
' k=1 y=1 y=1
m—1 t—1
[Z B—y)" 1+de a (B—y)"™ 1+Zqﬁ T(B-)" 1)]
(Zm — e —~ 2

Hence replacing 8 — y with y and using equalities (2.4), (2.5

oty = | $5 @~ Dl X_: FTEI SI UA S
2 - . - :
T em-n| & rem—)! q—1 4 (qk—l)’ G~ 15 (@1

k=

N-g 1 2m—1 q i ) q 2m—1 Qi i )
+q - < K ) AIOZm—l _ k < > Alﬂzm_l
¢ (1—%; 1—qr 1—%; 1—qk
t—1 m—1 N
> B-y"! (1 + Y di(af +a V))}
y=1 k=1

Taking into account that gy are roots of the Euler-Frobenius polynomial E;,—»(q) and using Theorem 2.1, for v, (xg) we have

mIh @m = DBy RS RN @t (D'
(xp) = : g4y d Algm!
V2 (2m—1>!LZ1 jrem—p " ; k,; @-n 2P

t—1 m—1
- B~ y)z’“(l +) de (qk +aq, y))} (4.10)
y=1 k=1
Finally, using the binomial formula and (2.6), from (4.10) we get

(hp)?m h2m g2m=1 |:_ t—1 mzldl qk _ qll:l t+1:|
K

Vo) = "o T T am = 1! 1—q

2m—1

n2mo R (2m — 1)1By, 21 h2m (2m — 1)1p2m-1
T em—n Z G+D!@m—1—)! = 2m— 1! 2 jlem—1-j!

[Zd Z q’(‘qtf 1;?;? Al — Z( 2 <1+de(qk+qk y))} (@11

Now we consider equality (4.7). Using the binomial formula, keeping in mind (1.5) and (3.3) when o = 0, for ¥ (x5) we
have

(x5 — X )2'“ ' (B
R e Y

@m — -

2m—1 2m—1—j t—1
2m-1)!p J
(2m—1)' Z em—1 ZC W7 Y

N h2m[32m71 2t — 1 B THZ—ld qi _ qil—t+l itz
———— | - (4.12)
2m—1)! 2 = 1—qx

Further using the binomial formula and equality (1.9) from (4.9) we obtain
m—1 (—1)szm_1_j m—1 (- 1)m+jxm 1—j

. _ m+j
Vs (xp) = Lo niem—1-) & 2("’“)'(’“_1_])'2 "

(4.13)
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Similarly, using the binomial formula in equality (4.5) for f (xg) we have

x2m m—1 (— 1)]+1X2m—1—f m—1 (_1)m+jxg7+1+j

In(xp) = (2m)v+]zz +l)‘(2m—1—])'+j:0 2m+14+)lm—1—j! (4.14)

Substituting equalities (4.11)-(4.14) into (4.3) and after some calculations we get

h2m 2"’22 (2m — 1)!B;,p*"1 h2m 2'”2‘ (2m — 1)1p2m-1
em-1! & (+DEm—1-j)! = @m-—1)! jlem—1-j!

-1 ] ) m—1 i _1)ight '
x [(—1)1 S (Eh =)+ de (Z q'&:f—l)mkﬂ’“ S e (a qu)ﬂ
k=1 < y=1

y=0 i=1
m—1 (_1)m7jxm—1—j
B m+j [ _
G, = —Py_ . 4.15
T 2 am e im—1—))! m+1+1 ; & m-1(%p) (415)

Keeping in mind equality (4.13) and designations (4.4) and (4.5), from (4.15) one can see that the difference g(xg) — fi(xg)
is a polynomial of degree 2m — 2 with respect to xg, i.e.

2m-2

gxg) —fmlxp) = > apdy, t<B<N-—L (4.16)
j=0
Here
bj asm<j<2m-2,
(_1)j+1 |: 1 . 2m—j—1 .
b+ — - ,—ZC,,X’"’ asl<j<m-—1,
2/'C2m—j—1!| 2m—j = 4
( 1)2m 1 C h™ 1 2m 1 _ 211171)
6 = (2’" Z (4.17)
j
2m—1 N-+i t—1
—q+ (D' o _
s Ta (L Gy 0l )
k=1 i=1 (@ — 1 y=1
1 1 S 2m—1 .
“2@m— <m 26N asi=o0.
y=0
where
hZI‘I17j BZm— t—1 i
b = J 12m]1 Chlijl 2m—j—1
g j!(2m—j—1)!|:2m jHeD ; Ty )
m—1 2m—j—1 i N+ t—1
—qc+ (=1)'q
e S (R S e o (i) )|
k=1 i=1 y=1

On the other hand, from (4.15) we obtain

g(xp) — fin(Xg) = —Pr_1(xp). (4.18)

This equality is true if b =0asm < j < 2m — 2 or

m—1 i _1\i N+
S [ - oS ()|

k=1 i=1 y=1

B: i L . .
:—,’“] — Y (G, =), j=12. . m -1 (4.19)
]+ y=0
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From equalities (4.16) and (4.18) we find an unknown polynomial Py, (xg) of system (1.8), (1.9)
m—1 .
Pr—1 (Xﬁ) = — Z ajx’ﬁ. (420)
j=0

Later, applying to the sum A = Zy 1 v (qk + qk ) formulas (2.4)-(2.6) and (3.2), we obtain

J 1 N+i i N—t+1 -1 t+i
- Z% IOI“LZ i +1()i+1) i ZCP AlQPE, (4.21)
p qr — -

Substituting equality (4.21) into (4.19), after some simplifications we have

m— N—t+1 t+i
Z (— 1)J+1ZCPtJ pZ — o _+1()1+11)q A'O]

k=

B i A ,
Oy Z (Ch ', —y), j=12....m-1 (4.22)
j+1 =
Multiplying the first equation of system (4.22) by (—1)2C2] t, adding with the second one, then, multiplying the first equation
by (—1)3C;t?, the second by (—1)2CZt of system (4.22), adding with the third and so on, continuing in this way, and also
taking into account Lemmas 3.2-3.5 and the binomial formula for unknown parameters d, we get the following linear system
of equations

t+1 ( 1) qN t+i tj+]

t—1
_qk i _ — Oj+1 -1 Jj P — _
Z Z i AlY = T —;cﬂh (t—ng), j=1,2,....m—1.

The last system is system (4.2) for di. This completes the proof of Theorem 4.1. O

4.2. The norm of the error functional of the optimal quadrature formula

In this section, square of the norm of the error functional (1.2) of optimal quadrature formulas (1.1) with the nodes (1.5)
is calculated.

Theorem 4.2. Square of the norm of the error functional (1.2) of optimal quadrature formulas (1.1) with the nodes (1.5) on the
space LY" (0, 1) have the form

Hz ®IL™* (0, 1)”2 _ [

m—1 2m t+i N—t+1
( ]) q qk i42
+ Y a) R et |,

where B, are Bernoulli numbers, Cg, B = 0,t — 1 are determined from system (3.3), qi are roots of the Euler-Frobenius
polynomial Exm—»(q), |q| < 1,mp, B = 0,t — 1 are defined from (1.5), A't>™ is the finite difference of order i of t*™, dy
are determined from (4.2).

h2™By, n 2p2mH1 | ( Coh—! 2m _ ,32m)
em! T em! | & P

Proof. Taking into account (4.3), we reduce the expression (1.7) to the form

N
(m)* 2_ _1\ym+1 _ 1
[ecoi™ .| =1 [;cﬂ (n0p) + Prr09)) = 5 H)!] (423)

Applying the binomial formula to equality (4.5), we obtain

1- Xﬂ)zm 2m—1 (_l)iJrlxzm—i—l

In) = =1 _§2(i+l)!(2m—i—l)!' (424
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Substituting (4.24) into (4.23) and using equalities (4.17) and (1.9), consecutively we have
N 2m m—1 2m—j
(1= xg) 1 h2m=iB,. .
leeI? = (=)™ Y gt — Ly
= (2m)! 2m+ 1)! + D!2m —j)!

—1 —_i
th j

2m—j—1 ChlZmJl 2m7j71
G+Dem—j—1 ){( R Z )

-1 [l Dt e .
+ dk( > ql((;i—l)l)j 0 4 (-1 Yy (q +aqp y))”

1 i=1 y=1

=1

3

1™

3

=
Il

= (-1)""[21 4+ 2], (4.25)

_ 2m
where Z; = Z';ZO Cg a (2an))! and Z, is the remaining part in square brackets of equality (4.25).
Keeping in mind the symmetry of the nodes (1.5), and making the same calculations as in the proof of Lemma 3.3 when

o = 2m, for Z; we have

1 h*"B W2 Byp_jh2m
Z1 = + 2m Z I
2m+ 1)! 2m)! G+ D!@m —j)!

2m-—2 hzm,j

m 2m 1 m—j—
+Z(l+ DiEm =11 |:( 1) jlz(Ch1 et g2 11)
_ 2m—j— 1_qN+1+(_])'q i ~2m—i m—j - m—j—
—l—k;dk[ Z Wﬂoz g (—1)? ]Zﬁz J](q oo ﬁ>]i|

i=1 B=0
2h2m+1 m—1 _qg+1+(_1)iqk om " : 2 X
+ Gt {de[z(l_qu AlQ> Z,B " (af +a ") +Z (Csh~'n2™ — g2™) |. (426)
© Lk=t i=1 B=0 B=0
Putting equality (4.26) into (4.25) and taking into account equality (4.19), we have
h2MByy 202 [Tl [ 2m_gNH L (q)ig,
0(x 2 _ 1 m+1 m d k i K 102m 2m< N— ﬁ)
Il = O™ o+ o ; P Z—m—qkw Zﬂ q; + g,

i1 p=1

+ Z Csh™'n2" — B )H (4.27)

Hence, using formulas (2.4), (2.5) and Lemma 3.2 when s = 0, after some simplifications we get the assertion of the theorem.
Theorem 4.2 is proved. O

Remark. It should be noted that when the nodes (1.5) are equally spaced,i.e.whenin(1.5)n, =0,y =1,..., 91 = t—1,
from Theorems 4.1 and 4.2 we get Theorem 2.1 of [17] and the results of [29].

5. Numerical results

For simplicity, in this section we investigate the optimal quadrature formulas of the form (1.1) with the nodes
onﬂoh, XN:1—)’]0h, 057’]0<], Xﬁ:hﬂ, /3:1,2,,1\]—] (5])

This means that we consider optimal quadrature formulas of the form

1 N-1
/ ¢()dx = Cop(noh) + Y Cp(h) + Cug(1 — noh) (52)
0 =
with the error functional
N-1
L£(x) = g1 (x) — <C03(X — noh) + Z Cgd(x — hp) + Cyd(x — (1 — Tloh))> . (5.3)
B=1

Then for this case from Theorems 4.1 and 4.2 when t = 1 we get the following
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Corollary 5.1. The coefficients of optimal quadrature formulas (5.2) with the error functional (5.3) and the nodes (5.1) in the
Sobolev space L;m) (0, 1) are expressed by formulas

1 = Qk_qN
h - d k. =0, N,
(2+z S

m—1
h(1+ dk(qf+q’;‘ﬂ)>, B=1,2,...,N—1,
k=

1

where d, (k = 1, m — 1) satisfy the following system of m — 1 linear equations
m—1 j 2 i N—1+i N j j
— -1 - — 1— 1—B; 1—noy
de Z qi + ( )Qk A0+ (qx — q; ) (1 — oy _ 1B (1 —no) Ci=1.2....m—1. (55)
p — (g — D! QG —1 j+1 2

here qy are roots of the Euler-Frobenius polynomial Ey,—»(q) of degree 2m — 2, |qx| < 1, Bjy1 are Bernoulli numbers, 0 < g <
1, A'y/ is finite difference of order i of ¥/, A0 = AlyJ|, .

Corollary 5.2. Square of the norm of the error functional (5.3) of optimal quadrature formulas (5.2) on the space Lé"') (0, 1) have
the form

[ o™ o, 1)H2

hszZm 2h2m+l n2m m—1 2m _qN+i + (_-l)iqk ) (qk o qN)n2m
= (=1)™H! + 21D 4 —k AP X k0 , (5.6)
em! T em! \ 2 ,; ’ ; (1— g+ g1

where By is the Bernoulli number, gy are roots of the Euler-Frobenius polynomial Eym—2(q), |qkl < 1,0 <no < 1, Aly?™ is the
finite difference of order i of y™, A'0*™ = Aly?™|, _,.

Clearly there is one free parameter 79 in system (5.5). The aim of this section is to investigate the positiveness of optimal
coefficients using equalities (5.4) and (5.5) and to choose a free parameter 7o, where 0 < 19 < 1.

As mentioned above, Schoenberg and Silliman in [26] showed that in the case of equal spaced nodes, among optimal
coefficients, a negative coefficient starting from m = 7 appears. From (5.4) and (5.5) in the case np = 0 and N — oo taking
instead of optimal coefficients Cg the coefficients NCg we get the results of [26].

By choosing the value of ny = 0.205 and using (5.4) and (5.5), we have obtained optimal quadrature formulas of the form
(5.2) with positive coefficients in the casesm = 2, 3, ..., 14, N = 300. These numerical results are obtained by using the
Maple program which is given in Section 6. Note that when m > 15, ny = 0.205, N = 300 the negative coefficients appear
in the quadrature formula (5.2).

Now we compare some of the results of this work with the example (e) of [18].

Assume that m = 2 and the nodes (5.1) are equally spaced, i.e. in (5.1) o = 0. Then using (5.4) and (5.5) we get
optimal quadrature formulas with equally spaced nodes in the space Léz) (0, 1) for an arbitrary natural number N. These
optimal quadrature formulas for N < 18 were already obtained by Sard in [20,32]. From (5.6) when N = 2, 3, 4, 5 for the
remainders |[R[¢]| = |(£(x), ¢(x))]| of these optimal formulas we get the following estimations:

N =2:[Rlg]l < |pIL5” (0, 1)] - 0.01398,
N =3: [Rlg]| < lpIL (0, 1)]| - 0.00586,
N =4:[Rlg]l < |¢IL5” (0, 1)] - 0.00305,
N =5:|Rlg]| < 9|l (0, 1)|| - 0.00188.

(5.7)

It should be noted, that in the example (e) of the work [ 18] the estimations (5.7) were obtained using the ¢-function method.
Now we consider the case m = 2 with the nodes (5.1) when ny = 0.205. Then using (5.4) and (5.5) we obtain

optimal quadrature formulas of the form (5.2) in the space Lf) (0, 1) for any natural number N. For the remainders
IR[¢]] = |(£(x), ¢(x))]| of these optimal formulas from (5.6) when N = 2, 3, 4, 5 we get the following estimations:

CIR[@]] < @Il (0, 1)] - 0.00694814,
:IR[¢]| < ll@|LS” (0, 1)|| - 0.00340515,
CIR[@]] < [l@IL?(0, 1)] - 0.00203429,
:IRI¢]| < ll@|L$” (0, 1)]| - 0.00134083.

(5.8)

N=2:[Rl
N=3:[Rl
N=4:[Rl
N=5:R[
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Thus it is clear that in the space Lf) (0,1) for N = 2, 3, 4, 5 the errors (5.8) of the optimal quadrature formulas of the
form (5.2) with the nodes (5.1) when 19 = 0.205 are less than the errors (5.7) of the optimal quadrature formulas with
equally spaced nodes.

Note that one can easily get these numerical results using the maple program which is given in Section 6.

6. The maple program for computation of the optimal coefficients in the space Lé'") o, 1

In this section we give the Maple program for the computation of the coefficients (5.4) and the norm of the error functional
(5.6) of optimal quadrature formulas (5.2) with the nodes (5.1) in the sense of Sard in the space Lém) (0, 1) for any natural
numbers m and N, N > m. In the program below the case m = 2, N = 300, no = 0.205 is given. Changing the values of m,
N and 0 < 5o < 1 we can get new optimal quadrature formulas.

>restart;
>with(LinearAlgebra); Digits:= 100; m:= 2; N:= 300; etal0:= 0.205; h:= 1/N;

Computation of coefficients of the Euler-Frobenius polynomial E,;,_,(x) of degree 2m — 2. Here for the coefficients e,

s = 0, 2m — 2 of the polynomial Eyp_»(x) = Zf;"o_z ex* the formula e, = Z;:O(_l)j (2}111) (s + 1 —j)?"'is used which

was given by Euler

>e:= array(0..2*m-2);
> for s from 0 to 2*m-2 do
e[s]:= sum((-1)~j*binomial (2*m, j)*(s+1-j)~(2*m-1),j=0..s)
end do;

The explicit form of the Euler-Frobenius polynomial E,;,,_,(x) of degree 2m — 2.

> E:= sum(e[i]*x~1,i=0..2*m-2) ;

Computation of roots gy, k = 1, 2, ..., 2m — 2 of the polynomial E;,, > (x)

> p:= solve(E,x);

The list of roots qx, k = 1, 2, ..., m — 1 of the Euler-Frobenius polynomial of degree 2m — 2, where |gi| < 1

> q:= array(l..m-1);
> for i from 1 to m-1 do q[i]:= evalf(p[i]) end do;
> print(q);

Computation the quantities A0/, i = 1,2m,j = 1, 2m

> delta:= array(1l..2*m,1..2%m);
> for j from 1 to 2+*m do
for i from 1 to 2*m do
deltalj,i]:= sum((-1)~(i-1)*binomial(i,1)*1"j,1=0..1);\\
end do;
end do;
> print(delta);

Computation of the matrix A and the vector B. Here A is the main matrix and B is the vector on the right hand side of system
(5.5)

> A:= Matrix(1..m-1,1..m-1); B:= Vector(1l..m-1);
> for jl1 from 1 to m-1 do
for k from 1 to m-1 do
ATj1,k]:= sum((-q[k]~{2}+(-1)~i1*q[k]~(N-1+i1))/(q[k]-1)~(i1+1)*
deltal[j1,i1],i1=1..j1)+(q[k]-q[k]~N)*(1-eta0)~j1/(q[k]-1);
B[j1]:= (1-bernoulli(ji+1))/(j1+1)-(1-etal)~j1/2;
end do;
end do;

Using LU decomposition method here system (5.5) is solved

> d:= LinearSolve(A,B, method=’LU’);
> dl:= array(l..m-1);
> for i from 1 to m-1 do

di1[i]:= d[i];

end do;
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Using the solution di, k = 1,2, ..., m — 1 of system (5.5) the optimal coefficients Cg, 8 = 0, 1, ..., N are calculated and
the number of negative optimal coefficients is counted

> C:= array(0..N);
> negative:= 0;
> C[0]:= h*(1/2+sum(d1[1]1*(q[1]1-q[1]1"N)/(q[1]-1),1=1..m-1));
if C[0]<0 then negative:= negative+l end if;
for beta from 1 to N-1 do
C[beta] := h*x(1+sum(d1[1]1*(q[1] “beta+q[1l]~(N-beta)),l=1..m-1));
if C[betal<0 then negative:= negative+l end if;
end do;
CIN]:= h*(1/2+sum(d1[11*(q[1]1-q[11~N)/(q[1]1-1),1=1..m-1));
if C[N]<O then negative:= negative+l end if;

The number of negative optimal coefficients
> negative;
Calculation of the norm of the error functional (5.3), using (5.6)

>Norma:= 0;

> for t from 1 to m-1 do

Norma:= Norma
+d1[t]*(sum(((-1)~alpha*q[t]-q[t]~(N+alpha))/(1-q[t])~(alpha+1)
*delta[2*m,alphal ,alpha=1..2*m)+(q[t]-q[t]"N)*eta0~(2*m)/(q[t]-1));
end do;

> Norma:= sqrt((-1)~(m+1)*(h~ (2%m) *bernoulli (2*m) / (2*m) ! +
(Norma+etaO~ (2*m) /2) *2xh~ (2*m+1) /(2¥m) !)) ;
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